Colloids in suspension exhibit shear-induced migration towards regions of low viscous shear. In dense bidisperse colloidal suspensions under pressure driven flow large particles can segregate in the center of a microchannel and the suspension partially demixes. To develop a theoretical understanding of these effects, we formulate a phenomenological model for the particle currents based on the work of Phillips et al. [Phys. Fluids 4, 30 (1992)]. We also simulate hard spheres under pressure-driven flow in two and three dimensions using the mesoscale simulation technique of multi-particle collision dynamics. Using a single fit parameter for the intrinsic diffusivity, our theory accurately reproduces the simulated density profiles across the channel. We present a detailed parameter study on how a monodisperse suspension enriches the channel center and quantitatively confirm the experimental observation that a binary colloidal mixture partially segregates into its two species. In particular, we always find a strong accumulation of large particles in the center. Qualitative differences between two and three dimensions reveal that collective diffusion is more relevant in two dimensions. C 2015 AIP Publishing LLC.
I. INTRODUCTION
Colloidal suspensions have gained widespread attention from about 1970s for their rich static and dynamic properties as well as their role in composing commonplace objects like paints, cosmetics, detergents, food, and fuel. [1] [2] [3] [4] [5] For example, dense colloidal suspensions in microfluidic flow pose fundamental questions about the complex interplay between confinement, structure, and flow behavior. In particular, the role of jamming and dynamical heterogeneities has come into focus. 6, 7 In moderately dense suspensions, particle migrates towards regions of low shear rate, which finds applications in several industrial processes such as microfiltration, 8 fluidized beds, and fractionation of particle suspensions. 9 After some initial work by Eckstein, Bailey, and Shapiro, 10 quantifying shear-induced diffusion, Leighton and Acrivos 11 described shear-induced migration. They wanted to explain the decrease of shear viscosity of a colloidal suspension in a Couette cell, 12 when the polystyrene spheres were driven out of the highshear region between the rotating cylinders. Since this work, shear-induced migration was reported in several experimental setups, for instance, in circular Couette flow, 13, 14 and in pressure driven Poiseuille flow between parallel plates 15 as well as in microchannels, where the particles segregate in the center. [16] [17] [18] [19] At vanishingly small Reynolds numbers, such a segregation cannot be explained by pure hydrodynamic forces due to the kinematic reversibility of the governing Stokes equations. According to this symmetry, reversal of time should reverse the segregation towards, for example, a uniform a) Electronic mail: philipp.kanehl@campus.tu-berlin.de b) Electronic mail: holger.stark@tu-berlin.de initial state. However, also the direction of Poiseuille flow is simply reversed and both the original and time-reversed system should behave the same. Only physical features, which are not included in the Stokes equations, such as direct particle-particle contacts due to surface roughness, 20 thermal motion, or residual inertia [21] [22] [23] can break the kinematic reversibility and induce cross-streamline migration in dense suspensions. But also, deformable objects such as a semiflexible polymers, [24] [25] [26] [27] emulsion droplets, 28, 29 and red blood cells [30] [31] [32] show cross-streamline migration. A recent experiment by Pine et al. 33 demonstrates violation of kinematic reversibility for a particle suspension in an oscillating Couette device above a threshold value for density and amplitude.
Mainly, two theoretical approaches have been used to describe particle migration towards regions of lower shear rate in monodisperse suspensions. Based on the ideas of Leighton and Acrivos, 11 Phillips et al. formulated a phenomenological theory for the lateral particle current.
Experimental studies on shear-induced migration in concentrated polydisperse suspensions are rare. Using a binary suspension, Husband et al. 41 were the first to note that in an initially well-mixed suspension, larger particles migrate faster than the small ones, ultimately leading to size segregation. In Ref. 42 , Semwogerere and Weeks presented a careful study of a binary mixture of Brownian particles in a pressure driven flow. They recorded detailed concentration profiles which confirmed that at equal volume fractions, the larger species enriches the center, whereas the smaller species shows slight depletion. However, this effect reverses when the smaller species is in the majority with a volume fraction larger by a factor 2. 5 .
The very few theoretical approaches describing particle segregation in sheared binary suspensions adapt the models described above; however, they neglect or simplify how the smaller species effects the larger one. 43, 44 Shauly, Wachs, and Nir 45 generalized the model of Phillips et al. to treat polydisperse suspensions. They used a simplified coupling between different particle species compared to our approach and included curvature in the flow geometry but neglected thermal diffusion. In contrast to our work on Poiseuille flow, the authors focused on particle segregation in Couette flow. A very recent model uses a multi-fluid approach and introduces an effective temperature for the particles' osmotic pressure, which depends on the shear rate. 46 The aim of this paper is to obtain further insight into the underlying principles governing shear-induced segregation, in particular, in bidisperse suspensions under pressure-driven flow through a microchannel (for videos, see supplementary material 47 ). On the one hand, we extend the phenomenological model of Phillips et al. to bidisperse suspensions using scaling arguments for the involved particle radii and also formulate a more realistic expression for the collective diffusion tensor. On the other hand, we employ the particlebased mesoscale simulation method called multi-particle collision dynamics (MPCD) to efficiently solve the governing Navier-Stokes equations including thermal noise. 48, 49 In two dimensions, we perform extensive simulations of pressuredriven colloidal flow in microchannels. By varying total area fraction, composition, and flow speed, we confirm the segregation of large particles in the channel center. A single fit parameter for the intrinsic diffusivities is sufficient to obtain an accurate agreement between the simulated density profiles across the channel and the profiles from the phenomenological model. Three-dimensional simulations with hard spheres reveal differences compared to two spatial dimensions and together with the model equations reproduce fine details in the experimental profiles of Ref. 42 .
The article is organized as follows. In Sec. II, we introduce the channel geometry and discuss details of our numerical simulations based on the method of multi-particle collision dynamics. In Sec. III, we introduce the phenomenological model, extend it to bidisperse suspensions, and discuss implications for the lateral density profiles. We also formulate the collective diffusion tensor. Sections IV and V discuss the simulation results in two and three dimensions for steadystate flow and density profiles. We end with a summary and conclusion in Sec. VI.
FIG. 1. Channel geometry of width 2w and length l. Channel walls are at y/w = 1 and y/w = −1 and periodic boundary conditions in x-direction apply. A pressure driven Poiseuille flow with flow speed v 0 in the center is initiated. A bidisperse colloidal suspension develops a non-uniform density profile and distorts the parabolic flow profile. For three-dimensional channels, periodic boundary conditions in z-direction apply.
II. SIMULATION METHOD
We employ the particle-based mesoscale simulation method of MPCD to solve the Navier-Stokes equation in two and three dimensions 48, 49 for a bidisperse suspension in Poiseuille flow, as sketched in Fig. 1 . MPCD is computationally fast, simple to implement, and capable of reproducing analytically known results. This includes the friction coefficient for a particle approaching a plane wall at distances as small as 5% of the particle diameter, 50 the flow field around a passive sphere, 51 as well as the swimming velocity of a model swimmer called squirmer 52 and the torque acting on it in front of a plane wall at distances, where lubrication theory has to be applied. 53 MPCD has been applied to diverse problems as reviewed in Refs. 54 and 55. Recent examples are the collective dynamics of squirmers, 56 a detailed modeling of the swimming mechanism of the African trypano, 57 diffusion of star polymers, 58 and the sedimentation of a red blood cell. 59 To simulate fluid flow, the MPCD method uses a sequence of streaming and collision steps of point-like effective fluid particles with mass m. During the streaming step, the particles move ballistically with their velocities during the time interval ∆t. During the collision step the particles are grouped into cubic cells of edge length b. All fluid particles within the same cell collide according to a specific collision rule keeping the mean velocity constant in order to conserve momentum. This procedure is sufficient to create a fluid flow field that solves the Navier-Stokes equations on time scales larger than the collision time ∆t and on length scales well above the mean free path of the effective fluid particles. In addition, due to the stochastic character of the MPCD method, thermal noise is incorporated.
Here, we use a collision rule reminiscent of the Anderson thermostat. 60 For the particle velocities relative to the mean velocity, we generate random components from a MaxwellBoltzmann distribution with variance k B T. We then subtract the mean values of translational and angular momentum of the random components in each cell in order to preserve translational and angular momentum. 61 Finally, the grid of the cubic cells is randomly shifted after every time step in order to obtain Galilean invariance of the flow. 62 In order to establish no-slip boundary conditions at the surfaces of colloids and bounding walls, a bounce-back rule according to the procedure described in Ref. 63 is applied. Whenever the fluid particles cross a surface, their velocities are reversed. In addition, the parts of the cells lying outside the fluid volume are filled with virtual fluid particles. 22, 64, 65 They take part in the collision step, which improves the no-slip boundary condition, and they also contribute to the momentum exchange of colloids with the fluid. We employ ghost particles such that the average number of particles per cell in the vicinity of bounding surfaces is the same as in the bulk. As a result, hydrodynamic properties are spatially uniform.
In our simulations, the time step of the ballistic step was chosen to be as small as ∆t = 0.01t 0 , with t 0 =  mb 2 /k B T. In this regime, momentum exchange is mainly governed by the collision step which yields a liquid like character. 51 The average fluid particle number density is ρ = 10/b 3 in 3D and ρ = 50/b 2 in 2D. Single colloidal spheres and disks performing Brownian motion in the fluid have roughly the same diffusion coefficients D 0 with these parameters, since the number of fluid particles interacting with the colloid is roughly the same, 2πa ρ 2D ≈ 4πa 2 ρ 3D . Finally, the Poiseuille flow in the microchannel with its parabolic velocity profile is implemented by acting with a constant force on each fluid particle pointing along the channel axis. Details of the implementation of MPCD for a single colloid in a Poiseuille flow are described in our earlier work in Ref. 22 . In addition, if colloids in suspensions approach each other, they can directly collide when there are not sufficient fluid particles between the colloids to prevent direct contact. In our simulations, we implemented an elastic collision conserving energy and translational as well as angular momentum following Ref. 66 . This direct colloid-colloid contact and also thermal motion break the kinematic reversibility of the Stokes equations and enable cross-streamline migration in our simulations.
We perform simulations in the Stokes regime at low Reynolds numbers, such that Re = v 0 ρw/η does not exceed ca. 0.2. Here, w is half the channel width and v 0 is the maximum velocity of the Poiseuille flow. To evaluate Re, we have already used the bulk viscosity η of the dense colloidal suspensions simulated in our work.
The Péclet number Pe = v D a/D 0 quantifies the relevance of the thermal motion of a colloid compared to its drift motion with velocity v D , and a is the colloidal radius. From the phenomenological model explained in Sec. III, we can roughly estimate the drift velocity in the lateral channel direction as v 0 a 2 /w 2 so that the Péclet number used in the following becomes
Binary mixtures of neutrally buoyant colloidal particles with respective mean radii a S for the small and a L for the large particles are placed inside the microchannel with an initial homogeneous distribution. The colloidal radii for both species are generated from respective Gaussian distributions with standard deviations σ i = 0.02a i with i = L, S in order to prevent crystallization. A pressure gradient implemented by a constant force acting on each fluid particle then drives the solvent out of equilibrium and the steady-state concentration profile of the colloids are monitored (see Fig. 1 ). Periodic boundary conditions apply in flow direction as well as in z-direction for the three-dimensional case to mimic the large channel aspect ratio of the experiments reported in Ref. 42 .
We always choose the channel half-width w as w = 20a S . The length of a two-dimensional channel is l = 100a S and for three-dimensional channels, l = 20a S . In the latter case, the height of the simulation box along the z-direction typically is h = 20a S .
In order to determine smooth density and velocity profiles along the y-axis from discrete colloidal values, we employed kernel density estimation using Epanechnikov kernel functions 67 k( y). Summation over all colloids N yields a smooth lateral profile,
Here, H is the Heaviside step function. To evaluate the respective density or velocity profiles, one takes for f i either 1/N or the velocity component v i x of particle i. For the kernel width, we chose ϵ = 0.005w so that packing effects were clearly resolved. Densities of the large and small particles were determined by replacing N by their respective numbers N L and N S . Finally, to obtain the final profiles, time averages of F( y) were taken after the system had reached steady state.
The number of colloidal disks in the two-dimensional case spans between 200 and 600 with up to 8 × 10 
III. PHENOMENOLOGICAL THEORY
We now develop a phenomenological theory to describe shear-induced segregation of bidisperse colloidal suspensions in a Poiseuille flow. As reviewed in the Introduction, such a segregation cannot be explained by purely hydrodynamic forces due to the kinematic reversibility of the governing Stokes equations. In a careful study, Leighton and Acrivos proposed surface roughness and the resulting irreversible particle interactions, as they call them, as the major cause for the observed shear migration.
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They developed an understanding for the resulting particle drift motion, which was put into a phenomenological theory by Phillips et al. to bidisperse suspensions with a large size difference between the two particle species. In the following, we review the main ideas for the phenomenological theory and develop our own approach for bidisperse suspensions in order to explain our numerical results.
Two colloids in a Poiseuille flow either form bound states or during collision move on swapping trajectories, where they exchange their lateral positions. 68 When moving on different sides of the centerline, they even perform cross-swapping trajectories where the center of mass just crosses the centerline. 68 However, real shear-induced migration does not occur.
According to Leighton and Acrivos, 11 to observe migration towards lower shear rateγ |∂v x /∂ y |, two colloidal particles have to encounter in an irreversible collision, where they move away from each other. So, they perform cross-streamline displacements of the order of particle size a. The frequency of collisions in a sheared suspension with volume fraction φ V sph c scales with φγ. Here, c is the particle density and V sph the volume of a sphere or the area of a disk. Now, the collision frequency across the particle radius varies as a∇φγ and colloids migrate towards regions of low shear rate with a drift velocity v D proportional to −a 2 ∇(φγ). Furthermore, the shear viscosity is a sensitive function of density. Now, one can show that in a spatially varying viscosity field, the displacements towards a region of higher viscosity are smaller. 11 So, the effective displacement in an irreversible collision scales as a 2 ∇η/η. Together with the collision, frequency this gives a drift velocity v D proportional to −a 2 φγ∇η/η.
A. Monodisperse suspension
Based on the above arguments, Phillips et al. formulated the constitutive equation for the particle current J as the sum of drift (φv D ) and diffusional currents,
In the following, we only consider one-dimensional shear migration in y-direction and ∇ then means ∂/∂ y. The positive phenomenological parameters K c and K η are of order one and can be obtained in experiments and simulations. The last term on the right-hand side describes thermal collective diffusion and D C is the collective diffusivity, also referred to as downgradient diffusivity. Typically, close to the channel walls the shear rate,γ is large and dominates over collective diffusion, whereas at the centerline,γ is zero and also D C becomes important. We will use this to make predictions for the density profile at the channel walls and around the centerline. In steady state, J = 0 and using ∇η = ∇φ∂η/∂φ, Eq. (3) can be rewritten as
The term on the left side drives shear migration by transporting particles from regions of high shear to low shear rate. All terms on the right side effectively are diffusion terms and tend to homogenize the density profile but with different significance across the channel width. We identify two regions with different governing terms.
Close to the wall: φγa 2 ≫ D C
In the vicinity of the wall, the terms in Eq. (4) linear inγ dominate over D C and Eq. (4) becomes
This equation can directly be integrated using
We arrive at an implicit equation for the lateral profile of the particle density, written here for positive y,
with φ(w) andγ(w) evaluated directly at the wall. In the Poiseuille flow,γ decreases away from the wall and thereby drives a particle current towards the centerline so that φ increases. The accompanying increase in viscosity initiates a particle current towards the wall, which ultimately stabilizes the density profile. To see this behavior in Eq. (6), we rewrite it asγ
The density φ always has to increase towards lower shear rate, since η is a monotonically increasing function in φ.
Close to the channel center: φγa 2 ≪ D C
Now, collective thermal diffusion in Eq. (4) becomes the leading term close to the channel center for two reasons. First, the shear rate approaches zero at y = 0 and second, the collective diffusion constant D c increases with colloidal density, especially near random close packing. 69 So, Eq. (4) approximates the density gradient as
Since ∇φ ∝ −∇γ, we again find an enrichment of particles in the low-shear region, only this time balanced by collective thermal diffusion. In summary, in the steady state of a monodisperse suspension, the particle density or volume fraction φ increases monotonically away from the channel walls towards the centerline in the direction of decreasing shear rateγ. Since the shear rate is zero in the channel center, here the highest concentration occurs.
B. Bidisperse suspension
We generalize the phenomenological theory to a bidisperse colloidal suspension with particle radii a 1 and a 2 . The shear-induced drift velocity resulting from collisions between particles of the same type i is determined as before; only the radius and volume fraction are replaced by the respective quantities for species i, a i , and φ i . Particles of different type also collide and we expect the resulting drift velocity of species i to be written as
where Einstein's convention for summing over repeated indices is used. The coupling matrix A contains geometrical factors, which for collisions between particles of the same type are A ii = a 2 i , as before. For collisions between particles of different type, we argue as follows. The frequency with which a colloid of type i colloids with a colloid of type j is proportional toγ times the number of type-j colloids in the collision volume
where we used c j a
At the instant of a collision, the colloids are separated by the distance a i + a j and they rotate about the common center of mass, 11 with respective distances l i and l j from the particle centers, which obey
The distance ∆d i that particle i migrates during an irreversible collision scales like l i ,
where we used Eq. (11) . Now, the collision frequency along the y direction varies as (a i + a j )∇ f i j giving rise to the drift
Comparison with Eq. (9) then allows to identify the components of the coupling matrix A as
The denominator 2 d+1 is introduced in order to have
as in the monodisperse case. Now, Eq. (3) can be generalized to obtain an expression for the particle current J i of type i as the sum of drift (φ i v (i) D ) and diffusional currents,
The collective diffusion matrix D C couples a non-uniform φ j to a particle current of type i and should be positive definite. Approximations for its components are proposed in Subsection III C. From here on, we denote the smaller species with the subscript S and the larger with L. We again look at the density profiles in steady state (J S = 0 and J L = 0) and consider the two limiting cases close to either the channel walls or the centerline. To compareγA and D C to each other, we introduce an appropriate norm | . . . |.
Close to the wall:γ |A| ≫ |D C |
Close to the wall, the diffusional current is neglected, meaning v
Integration then yields the same solutions for φ S and φ L as in Eq. (6) . This means that in the vicinity of the wall, φ S ∝ φ L and equally ∇φ S ∝ ∇φ L . The densities for both species increase towards low-shear regions as in the monodisperse case.
Close to the channel center:γ |A| ≪ |D C |
Close to the channel center, thermal collective diffusion dominates, and we obtain the following system of equations:
which, by multiplying from the left with the inverse collective diffusion tensor D
We now see that a new class of solutions is possible. At equal concentrations but for different radii, the coefficients of the matrix A behave as
C as seen from the model developed in Subsection III C. This ultimately means that ∇φ L ∝ −∇γ and at the same time ∇φ S ∝ −∇φ L . Both species therefore demix in the channel center, with the larger species enriching the center and the smaller species pushed away from it. Interestingly, our observation is in accordance with experiments conducted by Semwogerere and Weeks. 
C. Collective diffusion model
Diffusion in a dense binary suspension of differently sized hard spheres is highly complex given hydrodynamic interactions between the particles and the relevance of excluded volume. Approximate models to accurately capture collective diffusion are scarce and often only hold in the limit of a S /a L ≪ 1 or in strong dilution. 70, 71 We present here a simplified approach to calculate the diffusion coefficients in the high-density limit.
The collective diffusion coefficient D C describes the diffusive relaxation of spatial inhomogeneities in a colloidal suspension at long wavelengths with ak ≪ 1. For a monodisperse suspension, the collective diffusivity obeys
where the static structure factor S = ck B T κ T is proportional to the isothermal compressibility κ T and the particle density c of the suspension.
72,73
The remaining coefficient D c.o.m. describes the center-of-mass diffusion of N particles in d dimensions and
contains all the dynamic information of the colloidal suspension and becomes the single particle diffusivity D 0 in the dilute limit.
If hydrodynamics is included, D c.o.m. decays fast in the dilute limit and slowly in the dense limit, when increasing the density. 69 Therefore, in dense suspensions, S −1 becomes the leading factor in Eq. (18) . It strongly depends on density, tending to infinity as the suspension approaches close packing, 69 while changes in D c.o.m. are less pronounced. For our dense systems, we therefore assume a functional behavior of the form
in which
In bidisperse suspensions, both colloidal species contribute to the isothermal compressibility and structure factor S, respectively. Approximate expressions for S(φ) in two 74 and three dimensions 75 that account for a bidisperse suspension with φ = φ i + φ j can be found in the Appendix. Then, species i diffuses along its own density gradient ∇φ i with the diffusivity
where again we use
The non-diagonal elements of D C are obtained by a simple volume-exclusion approach. 71 We formulate an effective volume fraction φ * i of colloidal species i, which accounts for the fact that the volume occupied by species j reduces the total volume available to species i,
We assume that species i, in the presence of species j, diffuses along its own effective gradient, so that the concentration current can be written as
In the absence of a gradient, ∇φ i = 0, the diffusive current J i is solely caused by density inhomogeneities of species j. Substituting Eq. (21) into Eq. (22) yields
and we can now identify the non-diagonal diffusion coefficient as
D. Modeling the simulated density profiles
We use the phenomenological theory to replicate the density profiles determined in our MPCD simulations, which we will present in Secs. IV and V. To complete the theory, we use an empirical relation for the shear viscosity in colloidal suspensions, which was suggested in Ref. 76 following the formulation of Krieger and Dougherty. 77 It describes the divergence of the viscosity as maximum colloidal packing is approached,
Here, φ M is the maximum area or volume coverage of random close packing. For monodisperse systems, it is calculated to be 0.82 in two dimensions, 78 as compared to 0.64 in three dimensions. 79 We used the same values for our binary mixtures, which was adequate within the accuracy of our simulations.
Together with the relations for the diffusivities and the viscosity, we now have a closed system of (differential) equations, which we can solve numerically using a finite difference scheme. With the particle currents from Eq. (14), we formulate the continuity equation for colloidal species i,
We integrated it using a 4th order Runge-Kutta scheme until steady state of the density profiles was reached. For the form of the steady state profiles, only the ratios K η /K c and K d /K c are relevant. The value for K η /K c = 1.51 was adopted from the fits to experiments conducted in a Couette flow by Phillips et al.
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Although based on three-dimensional experiments, comparison with our data from the two-dimensional simulations indicated that the same ratio K η /K c can be used for the disks as well as for the spheres.
The factor K d in the diffusivities was the only fitting parameter we chose freely to replicate the density profiles determined in our MPCD simulations. We calculated the single particle diffusivities by employing the Stokes-Einstein relation D i 0 = k B T/6πηa i , where we measured the shear viscosity of the pure MPCD fluid by creating a Poiseuille flow profile and found η = 30.27m/t 0 b in three, and η = 40.55m/t 0 in two dimensions. For all simulations in the 3D channel, we set K d /K c = 0.61. For all simulations in the 2D channel, we set K d /K c = 7.46. Consequently, the ratio K c /K d comparing the relevance of shear migration to diffusion is larger in three dimensions. This is very likely considering the difference in collision partners of a single particle in two and three dimensions. In the latter case, the additional dimension allows for more collision partners and hence for stronger shear migration.
IV. RESULTS IN A 2D CHANNEL
We start by investigating the pressure-driven flow of a bidisperse colloidal suspension in a two-dimensional microchannel. Since simulations are not as computationally expensive as their three-dimensional counterparts, we can indulge in a more thorough parameter analysis. The capital letter subscripts S and L again account for quantities of the smaller and larger particles, respectively. The respective particle sizes are a L /w = 0.1 and a S /w = 0.05, in all cases.
First, we monitor the temporal evolution of the colloidal density towards steady state, then we illustrate the steady-state flow and viscosity profiles, and finally extensively discuss the particle number densities c i for either species across the channel, which we normalize so that  c i d y = 2w.
A. Evolution of density profiles
We quantify the developing inhomogeneities in the density by an evolution parameter
Here, c is the total density either of a monodisperse or a bidisperse suspension. When ∆(t) fluctuates about a constant value, steady state is reached. For each simulation run, it is simply determined by visual inspection of ∆(t). Figure 2 (a) plots the temporal evolution of ∆(t) for monodisperse suspensions of small (∆ S , blue) and large (∆ L , red) colloids, as well as their mixture (∆ mix , black) at a composition φ L /φ S = 1. Here, φ i means mean area fraction and the overall area fraction for both species together is φ = φ S + φ L = 0.5. The dynamics of shear migration clearly is slow given the long axial distances d, the colloids in the center travel before ∆(t) saturates, and the steady state profiles emerge: for suspensions of large particles, we find that the steady state has fairly developed at d L ≈ 100w, whereas small particles need longer distances with d S ≈ 400w. The lateral particle currents in the channel scale with J ∝ a 2 , so that the larger species will tend to establish steady-state profiles faster than the smaller species in quantitative agreement with our simulations since a L /a S = 2. However, the Péclet number defined in Eq. (1) scales roughly as Pe ∝ a 3 in two dimensions, given the weak dependence of D i 0 on a i due to the Stokes paradox. 80 Consequently, the stronger lateral drift of large colloids results in more inhomogeneous profiles compared to the smaller species as ∆ L > ∆ S shows, in particular for t → ∞.
The corresponding steady-state density profiles for monodisperse (top, middle) and bidisperse (bottom) suspensions are shown in the right column of Fig. 3 . In all cases, the total density in the channel center is enriched. In case of a mixture at equal composition, the colloidal species partially demix favoring the larger species in the center. We will discuss them in more detail below.
B. Steady-state flow and viscosity profiles
In Fig. 2(b) , we show the axial velocity profiles of the colloids. As the colloids deplete from the wall and migrate towards the center, the initially parabolic flow profiles deform and flatten in the channel center as illustrated in Fig. 2(b) . For comparison, we plot the profile of the initially uniform suspension of small particles. The steady-state velocity is always higher than the one of the initially uniform suspensions, which we explain below.
The solid lines in Figure 2 (c) illustrate profiles of the shear viscosity η determined from our MPCD-simulation data for the colloid velocities v x ( y) in steady state. We use the Stokes equation
where f is the applied constant pressure gradient and shear ratė γ = ∂v x /∂ y. Straightforward integration yields an expression for the shear viscosity,
plotted as solid line in Fig. 2(c) .
The dashed lines are predictions based on Eq. (25) using the steady-state density profiles of the analytical model, which we show as dashed lines in the right column of Fig. 3 . The symbol η 0 denotes the shear viscosity of a uniform colloidal suspension at φ = 0.5 calculated according to the empirical formula of Eq. (25) . The predictions of the analytical model compare nicely with the results from our simulations, especially for the maximum value and width of the peak. In all cases, the viscosity η/η 0 drops below 1 in the vicinity of the wall and reaches a maximum in the center, the value of which depends on the local area fraction. This behavior explains the formation of the plug flow since the sharp increase of viscosity slows down the colloids the closer they are at the center. Due to the region with η/η 0 < 1, the colloidal plug glides more easily along the wall, which gives the steep increase of the flow profile at the wall and the overall larger velocities compared to a uniform suspension.
Furthermore, the peak in the viscosity profiles in Fig. 2 (c) is much more pronounced for the large compared to the small colloids. We note that already individual large colloids are more strongly slowed down compared to small colloids at the same location in a Poiseuille flow since they pose more resistance to the fluid flow. This is also stated in Faxén's law. 3 In addition, also the particle density of larger colloids is higher in the center (see Fig. 3, right column) . Altogether, this qualitatively explains the pronounced difference in the viscosity profiles.
Interestingly, the differences in the flow profiles of Fig. 2(b) are more subtle. For larger colloids, the plug flow is more developed compared to small colloids due to the larger viscosity peak. In case of a mixture, higher center velocities compared to monodisperse systems occur. The large colloids strongly enrich the center (see Fig. 3, right column, bottom) , whereas the small colloids are more pushed towards the wall. Still, the absolute density of the latter is smaller than for a pure monodisperse dispersion of the same total volume fraction. So, in the mixture, the viscosity at the wall is also smaller and the colloidal plug as a whole can slide more easily along the wall resulting in the increased center velocity.
C. Steady-state density profiles
We now discuss the profiles of the particle densities for the large and small colloids either in the monodisperse or in the bidisperse suspension. Each density plot shows the results of the MPCD simulations (solid line) and the phenomenological theory (dashed line), where the densities are normalized such that  c i d y = 2w. In the MPCD simulations, thermal motion and interparticle interactions give rise to stochastic fluctuations in the density profiles. In order to minimize these density fluctuations around the steady-state profiles, time averages were taken.
From left to right in Fig. 3 , we vary the mean area fraction φ = φ S + φ L from 0.3 to 0.5. For the monodisperse suspensions in the top and middle row, we find a clear enrichment in the channel center for both species. The enrichment decreases with increasing mean area fraction since already in the center one approaches, random close packing and additional particles at increasing φ more and more fill up the space between the walls and centerline. Thereby, the peak in the density profile decreases. However, the absolute value of the area fraction in the center, given by φ ∝ φc, still increases towards random close packing. The overall tendency of the profiles is well predicted by our phenomenological theory, although, especially for the large species, we notice a more convex shape of the density profiles in the center, which is not captured by our model. Presumably, for the small species, the continuum approximation is better valid and our phenomenological model fits better.
The MPCD simulations clearly reveal packing effects close to the confining walls of the channel. The disks form a layered structure indicated by the peaks in the density. Accordingly, the first peak is at a distance a i from the wall and further peaks appear as the mean area fraction is increased. Generally, the oscillations are stronger for the large species, because scaled by the disk size, they are confined in a more narrow channel.
The mixture with equal mean area fractions for both particles species, φ S = φ L , exhibits segregation of the smaller colloids away and of the larger colloids towards the channel center in agreement with the solution discussed for Eq. (17), where collective diffusion drives the small particles outwards. However, in contrast to our discussion of the profiles at the wall following Eq. (15), the density c S decreases away from the wall. If we compare shear driven migration and diffusion close to the channel walls, we find K c a with this approximation. Finally, we also find that in steady state the large particles are barely found in close contact with the channel walls.
Next, we vary the ratio of mean area fractions, φ L /φ S , keeping the total area fraction constant at φ = 0.5. The profiles are plotted in Fig. 4 with the area fraction of the large species compared to the one of the smaller species decreasing from left to right from 0.67 to 0.4. In all cases, the large species prevails its dominance in the channel center, although greatly outnumbered by the smaller species. The central peak in c L becomes more pronounced with decreasing φ L /φ S , since the few large colloids can all accumulate close to the center. In contrast, the small colloids are less displaced to the walls with decreasing φ L /φ S since the large colloids leave more space for them. Peak values and tendencies in the numerical data are well predicted by the phenomenological model.
In order to obtain a complete picture for the steady-state density profiles, we plot them in Fig. 5 for increasing Péclet number Pe S of the smaller colloid species by adjusting the central flow speed v 0 . In addition, results for even smaller ratios φ L /φ S are shown. The profiles are illustrated in one half of the channel at mean area fraction φ = 0.5.
Again, the large species is enriched in the center for all cases with Pe 0. The concentration in the center increases with Pe 0 ∝ v 0 ∝γ and for decreasing φ L /φ S . The profiles of the small particles deviate little from the uniform distribution since the Péclet number is one at most, meaning that thermal collective diffusion is always important. At the highest Péclet number, the profile switches from a slight depletion in the center to an enrichment when decreasing φ L /φ S from one to 0.08, where 48 small colloids per one large colloid occupy the channel. At this ratio, the small colloids converge towards the density profiles of the monodisperse suspension.
The simulated profiles are overall well described by the phenomenological theory. In particular, the behavior of the small colloids with decreasing φ L /φ S is captured. For small ratios φ L /φ S the peak of the large particles is somewhat underestimated. In case of zero applied flow or zero Péclet number, the constant equilibrium densities are obtained. However, for decreasing ratio φ L /φ S , the layering of the large particles at the channel walls becomes more pronounced and a tendency to accumulate at the walls is visible. This should be due to depletion forces that large particles experience in a suspension of small particles. 81 Already at the Péclet number Pe L ≈ 2.5 of the large particles (second column in Fig. 5 ), the trend is reversed and shear-induced migration to the center prevails.
V. RESULTS IN A 3D CHANNEL
We expand our system into the third dimension by studying the flow of colloidal spheres with mean volume fraction φ between two parallel plates. Monodisperse disks in two dimensions can be packed much closer than spheres, as the random-close packing fractions mentioned in Sec. III D show, φ To be able to compare to the two-dimensional simulations conducted at φ = 0.5, most of the simulations in three dimensions were conducted at φ = 0.35.
If not stated otherwise, particle sizes again are a S = 0.05w and a L = 0.1w. As before, we start by analyzing the temporal evolution of the particle density towards steady state, where we then monitor flow and viscosity profiles. Finally, for various sets of parameters, we present density profiles normalized as before so that  c i d y = 2w. Throughout this section, we discuss differences to the two-dimensional simulations.
A. Evolution of density profiles
We evaluate the temporal evolution of the density profiles with the same order parameter ∆(t) as in Sec. IV A. Figure 6 (a) plots ∆(t) versus time for monodisperse suspensions of small (∆ S , blue) and large (∆ L , red) colloids, as well as their mixture (∆ mix , black) at equal volume fractions φ L /φ S = 1. We notice that the required time for the evolution to the steady state profiles is comparable to the one for the disks. The large particles rapidly establish steady state after traveling roughly a distance d L ≈ 100w, whereas for the small particles, ∆ S converges only slowly towards its asymptotic value and reaches it after a distance of roughly d S ≈ 500w.
The asymptotic values of ∆ for t → ∞ certainly depend on the fact that colloids pack differently in two and three dimensions. However, we notice that the difference in density inhomogeneities between small and large spheres is more pronounced in three compared to two dimensions. Presumably because single particle diffusion in two dimensions scales only weakly in particle size a i , as a consequence of the Stokes paradox, 80 whereas in three dimensions, it scales like 1/a i and therefore is weaker for larger particles. Consequently, Péclet numbers here are Pe S ≈ 1 and Pe L ≈ 16, as opposed to Pe S ≈ 1 and Pe L ≈ 10 in two dimensions.
In case of the mixture, the properties of the two species contribute so that we find ∆ S < ∆ mix < ∆ L . The entrance length d of the binary suspension roughly measures d ≈ 400.
B. Steady-state flow and viscosity profiles
In Fig. 6(b) , we plot the axial velocity profiles and compare them with the parabolic flow field of the initially uniform suspension of the small species. Qualitative agree- ment with the disks is obtained as the steady-state distributions of the spherical particles also induces a plug flow. The same reasons provided in Sec. IV B apply here. However, the plug flows are not as pronounced as in Fig. 2(b) . Presumably, this is due to the fact that the colloids in three dimensions occupy less space than the fluid, whereas in two dimensions the colloidal and fluid volume are equal. The following ratios quantify the occupied volumes: φ 3D /(1 − φ 3D ) = 0.54 < φ 2D /(1 − φ 2D ) = 1.0. Furthermore, the two-plate geometry might also play a role. It allows the colloids to move sidewise in the shear plane so that the plug flow is less pronounced. Finally, the flow profiles of the large-particle suspension and the mixture are identical, in contrast to the results in two dimension.
The solid lines in Fig. 6 (c) illustrate profiles of the shear viscosity η calculated from Eq. (29) with the simulated colloid velocities v x ( y) from Fig. 6(b) . The dashed lines again are predictions using the density profiles from our phenomenological theory in empiric formula (25) for η(φ). The respective profiles for the monodisperse suspensions are shown in Fig. 8 and for the mixture in Fig. 10 , lower left. The relation between the shape of the flow and the viscosity profiles was already discussed in Sec. IV B.
Also in three dimensions, our phenomenological model provides predictions that quantitatively agree with the simulated data. This supports our assumption that the shear viscosity of the mixture can also be approximated by the empiric formula for η(φ) using φ = φ S + φ L . As discussed before, quantitative differences between the two colloidal species are more distinct than in two dimensions. Whereas, small spheres as well as the mixture show similar behavior as the disks, the large colloids approach random close packing in the center, which results in the strong increase of η( y) to ca. 100η 0 , where η 0 is the reference viscosity of the uniform suspension at the same mean volume fraction φ = 0.35. The oscillations in the solid line are caused by slight undulations in the flow profile of Fig. 6(c) and ultimately by the strong oscillations in the corresponding density profile of Fig. 8 , left, which are due to layer formation.
C. Steady-state density profiles
We now present the density profiles determined either from the MPCD simulations (solid line) or the phenomenological theory (dashed line).
In Fig. 7 , we increase the mean volume fraction from φ = 0.25-0.35 for the suspension of the small colloids. As in two dimensions, we find a clear enrichment of particles in the channel center. With increasing mean volume fraction φ, the density peak relative to the uniform particle distribution decreases since colloids cannot pack more densely in the center than random close packing. Finally, apart from the layering of the colloids close to the walls, the phenomenological theory reproduces the profiles very well, also in the following Fig. 8 .
We vary the particle size a of the monodisperse suspension in Fig. 8 at total volume fraction φ = 0.35. Shear migration more strongly enriches the larger colloids in the channel center since shear-induced drift dominates over diffusion as documented by the strong size dependence of the Péclet number, Pe ∝ a 4 . Note that the number of oscillation peaks in all three cases is the truncated integer value of w/a; that is, from left to right in Fig. 8 , we observe 20, 13, and 10 peaks in the density profiles. In equilibrium at zero flow (v 0 = 0), the oscillations in the channel center vanish for all three particle sizes. Obviously, flow induces layering in the center which is particularly pronounced for the large particle species. Interestingly, in two dimensions, we do not observe pronounced layering close to the channel center. So, we expect sheared disks to jam more easily than sheared spheres which use the additional dimension to order in layers parallel to the shear plane and thereby reduce viscous shear stress. This also explains the more pronounced plug shape of the flow profiles in two dimensions [see Fig. 2(b) ] compared to the three-dimensional counterparts in Fig. 6(b) .
In Fig. 9 , we show density profiles for mixtures consisting of both particle species with respective radii a S /w = 0.05 and a L /w = 0.1 at different volume compositions. The corresponding profiles of the two-dimensional channel are plotted in Fig. 4 . The large particles tend to form layers towards the wall. However, the profiles exhibit stochastic irregularities due to the relatively small number of large particles used in the simulations to determine c L ( y). For example, at equal composition φ L /φ S = 1, one large sphere occupies the same space as 8 small spheres. The statistics worsens further with decreasing φ L /φ S . However, the overall shape of the profiles emerge.
The profiles of the large particles do not vary so much with φ L /φ S in contrast to the two-dimensional case. The large particles show a pronounced enrichment in the center and are depleted from the wall. However, the region where they clearly demix from the small particles is narrower. The small colloids also behave differently compared to two dimensions. The ratio of shear-induced migration to diffusion becomes K c a therefore justified and the density increases when going away from the wall, as predicted from Eq. (15) . Furthermore, for φ L /φ S 0.4, the density profiles of the small colloids show a dip, although not very pronounced. However, this unimposing characteristic is also visible in the experiments in Ref. 42 and, furthermore, predicted by our phenomenological model as discussed after Eq. (17) . Ultimately, the dip vanishes at φ L /φ S 0.3. In total, our phenomenological theory very well describes all these features.
Finally, in Fig. 10 , we compare two mixtures with size ratio a L /a S = 1.5 (top) and a L /a S = 2 (bottom) at compositions φ L /φ S = 1 (left) and φ L /φ S = 0.5 (right). Clearly, demixing is less pronounced for the smaller size ratio. At equal composition, we also find a smaller peak in the profile of the larger particles. The phenomenological theory also catches the observed size dependence and thereby confirms the major structure of the coupling matrix A with its geometrical factors.
VI. SUMMARY AND CONCLUSIONS
We compared a phenomenological model for shearinduced migration in colloidal dispersions to simulation data for hard spheres suspended in the MPCD fluid and flowing through two-and three-dimensional microchannels. MPCD is a mesoscale particle-based simulation technique for solving Navier-Stokes equations and fully incorporates thermal fluctuations. Our phenomenological theory introduces drift or migration currents due to a gradient in the particle collision frequency as well as a spatially varying viscosity and it also includes collective diffusion. Our model extends work by Phillips et al.
14 to bidisperse suspensions of Brownian particles. Provided that the approximations for the collective diffusion tensor and shear viscosity are still valid, the model can be extended to n-species systems.
Collective diffusion in our phenomenological model is necessary to generate density profiles where large particles segregate in the center of a microchannel, whereas small particles are depleted. Such segregation patterns are also observed in a model based on stress and energy equipartition 46 and in dry granular flow, 82 where collective diffusion is not of thermal origin. In particular, the theoretical work of Ref. 83 on dry granular matter, sliding in a vertical chute, shows similarities but also differences to our work. Generally, all particles tend to migrate to the center of the channel. At relatively low volume fractions, large particles segregate more strongly in the center and smaller particles show layering at the walls similar to Fig. 10 (bottom, left) . At higher particle packing, this segregation trend reverses.
Interestingly, we are able to reproduce viscosity and density profiles of the MPCD simulations from our phenomenological equations using only one fit parameter for all different cases studied in two and three dimensions. We achieved a good agreement for the shape of the profiles and the range of density values.
In monodisperse suspensions, particles enrich in the center of a microchannel due to shear migration. Comparing viscosity, flow, and density profiles in two and three dimensions, we noticed stronger differences between small and larger spheres as compared to small and large disks with the same size ratio. Also, in three dimensions viscous shear in the pressure driven flow induces layering of the particles throughout the channel width, which is absent in two dimensions. We argued that the additional spatial dimension enables layer formation and thereby reduces shear stress. For binary colloidal mixtures, we observed that the larger particle species enriches the center. In two dimensions, the smaller species is depleted from the center and the density grows steadily towards the channel walls, which can only be explained by taking into account collective diffusion even close to the wall, where shear-induced migration is strong. The effect of depletion decreases with mean composition φ L /φ S . In three dimensions, the densities of both species grow from the wall towards the center. A narrow depletion dip of the smaller species occurs in the center at ratios of mean volume fractions φ L /φ S 0.4. This subtle detail is predicted by our phenomenological theory and observed in experiments of Ref. 42 . We attribute the qualitatively different behavior between disks and spheres to the fact that in two dimensions shear-induced migration compared to collective diffusion is less effective than in three dimensions.
In three dimensions our phenomenological model and the MPCD simulations show good agreement with the experimental observations by Semwogerere and Weeks 42 in a bidisperse suspension at composition φ L /φ S ≈ 1, mean volume fraction φ ≈ 0.35, and particle size ratio a L /a S ≈ 2. Both densities increase away from the wall, whereas in the center, the large colloids strongly concentrate and the small colloids are depleted as argued in Sec. III B. However, the authors also reported that the smaller species dominates the channel center at φ L /φ S ≈ 0.4, which we do not observe neither in theory nor in our simulations. To our knowledge, there is no model which captures this effect so far.
The behavior of dense colloidal suspensions in microfluidic flow is determined by confinement and structure formation. Further increasing the density of monodisperse suspensions flowing inside a microchannel yields novel dynamic effects such as oscillations in flow speed and colloidal jamming. 84, 85 We will extend our simulations into this regime to contribute to their theoretical understanding.
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APPENDIX: CLOSURE RELATIONS
The static structure factor for a binary suspension in 2D was approximated by Boublík 74 and reads
The approximative equation for a 3 dimensional mixture was proposed by 75 
S(φ) =
(1 − φ 4 )
(1 + 2φ) 2 − ∆ , + 3φα
where α = a S /a L , φ = φ S + φ L and x = c S /(c S + c L ).
